Abstract. -In the paper, a benchmark in the area of induction heating is revisited in order to
Introduction
In the community of computational electromagnetics, the set of benchmark problems proposed by the TEAM (Testing Electromagnetic Analysis Methods) series of workshop is a reference for testing numerical methods in a comparative way [1] - [2] . Nevertheless, there is a lack of problems specifically focused on induction heating devices, as far as numerical modelling is concerned. More generally, in the past some benchmarks of induction heating was proposed, but the attention was focused rather on the inverse problem [3] - [7] related to the optimal design of the power inductor than on the direct problem of field analysis [8] , [9] . In fact, in computational induction heating, analysis problems are challenging because they involve different physical domains; therefore, the development of non-linear coupledfield models and the consequent choice of suitable solvers is mandatory [8] - [10] . Too often numerical solvers, like e.g. finite-element solvers which are commercially available, are used by designers as general-purpose black boxes.
Moving from this background, it was proposed to define a benchmark of coupled-field analysis [5] ; the problem is taken from industrial applications of induction heating: it deals with the transient thermal analysis of a steel-made cylindrical billet, subject to the changing magnetic field of a multi-turn winding. It is a clear example showing that stiff analysis problem can originate even in the case of very simple geometries.
Benchmark description: the device
The device under study is composed of an inductor winding and a cylindrical billet; winding and billet are coaxially located.
A. Geometry
The billet has a radius r and height h. The inductor is made of 20 hollow circular turns, connected in series; each of them has height hc and width wc, while their radial distance from Y axis is rc. The thickness of the copper of each hollow turn is tc. Numerical data about the geometry are summarized in Table 1 . The 20 turns are equally spaced in the Y direction, hence the y-distance between them has to be calculated as 
B. Material properties
The billet is made of C45 steel, which is characterized by specific heat capacity, thermal conductivity and electrical conductivity, each of them dependent on the temperature, as shown in Figures 2 and 3 . Moreover, the B-H curve is dependent on the temperature and this feature is particularly important because in the practical applications of induction heating we are referring to, the transition of magnetic permeability due to the Curie effect is exploited [11] - [15] . Therefore, in the model we propose, a family of temperature-dependent and non-linear B-H curves is considered (see Figure 1 (b) .
Three different solvers are used: two of them based on finite element method (MagNet by Infolytica [16] and Flux by Cedrat, Altair, [17] ) and one based on finite difference method (ELTA, [18] , [19] ).
In view of the numerical simulation, different models of the B-H curve can be taken into account; their choice depends on the solver used that could be amenable e.g. to a finite-difference scheme or a finite-element scheme.
In particular, the following three models have been considered:
The relative magnetic permeability  r is calculated as follows [11] , [20] , [21] :
where  BH is the field-dependent relative permeability at T=20°C (Figure 3 b) and Table 2 . The function f(T) is defined as:
The value of C coefficient has been chosen equal to 20, the Curie temperature T c = 770 °C.
D. Model B
The relative magnetic permeability  r is described by means of its initial value  r,i equal to 600, a saturation value of the induction field J s of 2.05 T and a knee adjusting coefficient a equal to 0.5. Based on this triplet of parameters, the following B-H relationship is assumed [17] :
The temperature dependence is the same implemented in Model A i.e. equation (2) .
E. Model C
The relative magnetic permeability  r is modelled as a function of magnetic field H and temperature T as follows:
where T c is set to 760 °C.
Benchmark description: the field problem
The electromagnetic and thermal problems can be solved using a 2D axisymmetric model. The electromagnetic problem is solved in time-harmonic conditions, whereas the thermal one is solved in transient conditions with thermal sources is given by the power density induced in the billet. The electromagnetic domain includes half of the inductor, half of the billet and surrounding air, whereas the thermal domain includes only half of the billet; suitable conditions of heat exchange along the boundary are imposed along the billet surface. The inductor is supplied by a sinusoidal current with amplitude equal to 3,500 Arms per turn at frequency 2 kHz.
The source of the thermal problem is the power density dissipated by the eddy currents which arise in the billet.
The electromagnetic and thermal problems are strongly coupled because most of the material properties of C45 steel are temperature dependent and permeability depends both on temperature and field strength; hence,at each time step of the transient thermal analysis, a time-harmonics electromagnetic analysis must be solved. Therefore, despite the simple geometry involved, the field analysis problem is a challenging one.
A. Electromagnetic problem
The electromagnetic 2D problem can be solved using the A-V formulation. The analysis of the magnetic problem is solved in terms of the phasor of the magnetic vector potential, A, coupled with the phasor of the electric scalar potential, V. The following coupled second order PDEs are originated [20] , [22] - [24] :
with µ material permeability,  field pulsation,  electrical conductivity and J  and A  are the phasors of the current density and magnetic vector potential, respectively. Equation (5) is the equation governing the magnetic field, while equation (6) makes the total current to be solenoidal.
Homogeneous Neumann boundary conditions are set along y = 0, while homogeneous Dirichlet conditions are forced elsewhere.
The rectangular air box incorporating the device was truncated at a suitable distance from the device axes.
B. Thermal problem
The thermal problem solves the Fourier equation [10] :
with T the unknown temperature,  the mass density, c p the specific heat capacity and k thermal conductivity.
The applied boundary conditions are:
with h the convective exchange coefficient equal to 7 Wm -2 K -1 and T ext the external temperature equal to 70°C along lateral surface of the billet (x = r = 3 cm), while T ext = 25°C for the end surface (y = h/2 = 50 cm)
with  emissivity coefficient equal to 0.8, k B the StefanBoltzmann constant and T ext = 70 °C for the lateral surface (x = r = 3 cm), while T ext = 25°C for the end surface (y = h/2 = 50 cm).
Methods and numerical solvers
Two different methods are used to solve the field problem: the finite difference method (ELTA code [18] , [19] ) and the finite element method (MagNet by Infolytica [16] and Flux by Cedrat, Altair, [17] ).
For the electromagnetic problem solved with finite element method a 2D second-order mesh has been generated. A typical mesh exhibits 150,000 nodes and 75,000 elements in Flux model, while 775,000 elements in MagNet model. Figure 4 shows a typical mesh in MagNet and a detail of it. In MagNet and FLUX the conjugate gradient method is used for solving the system of equations from the finite element model. When the matrix system is nonlinear, it has to be linearized before solving the system.
For linearizing the system, the Newton Raphson method is used by MagNet and FLUX. The B-H curves of the C45 steel versus the temperature are supplied to MagNet in the interval from 10 °C to 1500 °C with subintervals of 10 degrees.In each subinterval, the dependence of the B-H curve on the temperature is considered by means of a piecewise linear interpolation. The latter is obtained via a linear regression from equation (2), model A. In Flux the temperature dependent B-H curve is defined using equations (1), (2) and (3). In turn, in ELTA the temperature dependent B-H curve is defined using equation (4) .
Solution examples
In Figures 5 and 6 In Figures 7 (a) and 7 (b) the temperature with respect to the billet radius at y = 0 at different times is shown. In particular in Figure 7 
Conclusion
The benchmark problem has made it possible to compare three licensed codes for non-linear field analysis. The obtained results show an acceptable agreement. The computational cost is similar for Finite Element solvers while the Finite Difference solver has proven to be cost effective. The solution of the benchmark by means of other methods, and the comparative analysis of results obtained by different authors are welcome, in order to set up a common ground of research in the area of computational induction heating.
